We show that entangling capacities based on the Jamio lkowski isomorphism may be used to place lower bounds on the communication capacities of arbitrary bipartite unitaries. Therefore, for these definitions, the relations which have been previously shown for two-qubit unitaries also hold for arbitrary dimensions. These results are closely related to the theory of the entanglementassisted capacity of channels. We also present more general methods for producing ensembles for communication from initial states for entanglement creation.
I. INTRODUCTION
In quantum information processing, one of the most important tasks is to perform operations between different subsystems. It is therefore important to quantify what resources are required for implementing these operations [1] [2] [3] [4] [5] , and conversely the resources that these operations are capable of creating [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In the very simple cases of SWAP and CNOT operations, many of the capacities are equal, or related by integer ratios [4, 5] . For more general bipartite unitary operations, a number of relations may be shown [16] , and further relations may be shown for two-qubit unitaries [17] [18] [19] . In the case of two-qudit (multilevel) systems, it has been shown that many symmetries and inequalities do not hold [20, 21] .
One relation that holds for all bipartite unitaries is that if they create entanglement then they can also perform classical communication [16] . The method used in Ref. [16] is somewhat indirect, and only gives a small lower bound on the communication that can be achieved. Here we give a more useful lower bound, which demonstrates that a significant amount of communication may be achieved.
In the case of two-qubit unitaries, the communication that can be achieved in each direction is at least as large as the entanglement that can be created [17, 18] . The derivation used in Refs. [17, 18] does not apply to the more general case of two-qudit unitaries, and a counterexample for the two-qudit case is given in Ref. [21] .
In Ref. [19] it was shown that, in the restricted case of controlled unitary operations, the entanglement capacity again gives a lower bound on the communication capacity. Here we show here that it is possible to derive a similar inequality for general two-qudit unitaries provided we use an alternative definition of the entangling capacity.
This paper proceeds as follows. The definitions for the entangling and Holevo capacities are presented in Sec. II. In Sec. III the lower bounds on the Holevo capacities in * Electronic address: dberrya @a ics.mq.edu.au terms of the entangling capacities are shown. The relation between these results and those for quantum channels is discussed in Sec. IV. In Sec. V we give further generalisations of these results, and discuss the consequences of the results in Ref. [21] . Conclusions are given in Sec. VI.
II. DEFINITIONS
We subdivide the system into two subsystems, H A and H B , that are the subsystems in the possession of Alice and Bob, respectively. We further subdivide these subsystems as
The subsystems labelled "anc" are the ancillas, and those labelled "U " are the subsystems that the unitary operation U acts upon.
A. Entangling capacities
There are two main definitions of the entangling capacity of a unitary operation that have been presented in preceding work [10, 16] :
The quantity E(· · · ) is the entropy of entanglement E(|ψ ) = S[Tr A (|ψ ψ|)], where S(ρ) = −Tr(ρ log ρ). Throughout we employ logarithms to base 2, so the entanglement is expressed in units of ebits. The capacity E U corresponds to the maximum entanglement that may be achieved starting with states that are not entangled between H A and H B , but may be entangled with ancillas. The second capacity, ∆E U , is the maximal increase in entanglement. The capacity ∆E U may also be related to the average entanglement which may be created asymptotically [16] . We may add to these definitions
where |Ψ is the maximally entangled state j |jj and U 0 is a unitary operation on H AU ⊗ H BU . The definition of ∆E Ψ U is equivalent to that of ∆E U , except we have restricted to states |ψ AB of the form U 0 |Ψ A |Ψ B . We may take the maximum rather than the supremum, because this is a continuous function on a compact set. Clearly these two definitions are more restrictive than Eqs. (2) and (3), so we have E Ψ U ≤ E U and ∆E Ψ U ≤ ∆E U . Also, because we may take U 0 to be the identity,
As motivation for these definitions, for a range of twoqubit unitaries the equalities E Ψ U = E U and ∆E Ψ U = ∆E U hold [10, 19] . In addition, U |Ψ A |Ψ B is the state that is equivalent to U under the Jamio lkowski isomorphism [22] . That is, U |Ψ A |Ψ B may be used to implement U by postselecting on particular Bell measurement results. The probability of obtaining the correct measurement results is (
2 . It is possible for the entanglement to increase for one particular measurement result, so it is possible for E Ψ U to be strictly less than E U . However, the entanglement when averaged over all possible measurement results can not increase, so we must have
We do not obtain a similar relationship between E Ψ U and ∆E U , because if the initial target state has entanglement, the total entanglement can decrease by more than E Ψ U for some measurement results. In fact, the ratio of ∆E U to E Ψ U is unbounded, as is easily seen for the case of the unitary U (α) = exp(iασ z ⊗ σ z ) (see Fig. 1 ).
We also define entangling capacities with the state only restricted on one side or the other:
From the definitions it is clear that E , the result may be shown in the following way. We take the initial state
where |ψ is a state giving a change in entanglement within ǫ of the supremum in (3). We take 
Because U only acts nontrivially on
, the change in entanglement under U is ∆E U − ǫ. As we may take ǫ to be arbitrarily small, ∆E Ψ,→ U = ∆E U . All communication capacitites considered here are unaltered if larger dimensions are permitted for H AU and H BU . Therefore, any relations that can be proven for ∆E Ψ, * U also hold for ∆E U . The only other capacity which we consider in this work that may depend on the dimensions of H AU and H BU is ∆E Ψ U . However, in this case it does not appear that it simplifies to ∆E U under an expanded dimension.
B. Holevo capacities
Next we define a range of capacities for increasing the Holevo information. An ensemble is a set of states {ρ j } that are supplied with probabilities p j . The ensemble is denoted by E = {p j , ρ j }. The Holevo information of the ensemble E is given by [23] 
whereρ = j p j ρ j . This quantity gives the asymptotic communication that may be performed using an ensemble by coding over multiple copies [24, 25] . The Holevo capacities are defined by [16] [17] [18] [19] 
Here V A j and V
B j
are local unitaries that act in Alice and Bob's subsystems, respectively. Throughout we use the convention that the superscripts on local operators indicate the subsystems they act upon. We also use the notation conventions
We also omit the curly brackets when directly taking the Holevo information of an ensemble. The capacities χ → U and χ ← U are the capacities for obtaining Holevo information on Bob and Alice's sides, respectively, without initial correlations. The capacities ∆χ → U and ∆χ ← U are the capacities for increasing the Holevo information on Bob and Alice's sides, respectively. These capacities give the asymptotic communication capacities from Alice to Bob and Bob to Alice, respectively [16] . From the definitions it is clear that χ *
One may also define Holevo capacities for initially unentangled states [19] :
These capacities are more restrictive than those in Eqs. (15) to (18), so χ
U . In Ref. [19] it was shown that χ ′ * U ≤ E U and ∆χ ′ * U ≤ ∆E U . In addition, it was shown that, for controlled unitary operations, χ ′ * U = E U and ∆χ ′ * U = ∆E U .
III. RELATIONS BETWEEN CAPACITIES A. Symmetry
The capacities E Ψ U and ∆E Ψ U differ from the usual capacities in that they are intrinsically time symmetric. That is,
To show this for E Ψ U , note that
Here we use superscripts on U to indicate that it is acting on the ancillas; otherwise it is acting upon H AU ⊗ H BU . As |Ψ is symmetric under exchange of the system and the ancilla, we have
In the second line we have used the fact that the entanglement is invariant under complex conjugation, and in the third line we have used the fact that |Ψ A = |Ψ *
A . Thus we obtain E
To show symmetry for ∆E Ψ U , we simply use
In the second line we have used
Thus we see that these entangling capacities are symmetric, in contrast to E U and ∆E U [20, 21] .
B. Lower limit on Holevo capacities
To relate the Holevo capacities to the entangling capacities, we first consider an initial state |Ψ A |χ B that achieves the supremum in Eq. (7) . From the reasoning in Ref. [26] , the ancilla for Bob need have dimension no larger than d BU , so there exists a state that achieves the supremum. In the following we take d Banc = d BU . 
Applying the local operations V AU j is equivalent to ap-
T , where this denotes the transpose of V AU j acting on H B2 . As local unitaries on H B2 commute with U , the states in the final ensemble are
The entropy of the reduced density operator for H B for the average state is then
The action of the operators V AU j is to disentangle H AU and H B2 :
(34) The operation U does not act upon H B2 , so the average output state is still a tensor product between H AU ⊗ H B and H B2 . Therefore the entropy of the complete reduced density operator for Bob is the sum of that for H B , which is E Ψ,→ U , and that for H B2 , which is log d AU . That is,
Because Alice's subsystem has dimension d AU , the entanglement of the individual pure states can not be more than log d AU . Thus the total Holevo information for the final ensemble is at least E Ψ,→ U
, so
Note that it is also possible for the entanglement of the individual pure states to be less than log d AU , so this reasoning shows that the Holevo information for the ensemble is ≥ E Ψ,→ U , rather than exactly equal to E Ψ,→ U . By applying exactly the same reasoning with the roles of Alice and Bob reversed, we also have
In addition, since
where * indicates either ← or →.
We can use similar reasoning to relate ∆E Ψ U and ∆χ * U . Let us consider a U 0 that achieves the maximum in Eq. (5). Now we construct the initial ensemble
where V
AU j
acts upon H AU . We may use the same approach as above to determine the Holevo information of Bob's subsystem for this ensemble. However, in this case the entanglement of the individual pure states in the ensemble is exactly log d AU . Therefore, this ensemble has Holevo information of exactly E 
Using the same reasoning with the roles of Alice and Bob reversed yields ∆E 
IV. CHANNELS
We can alternatively derive some of the above results using results for quantum channels. For a given state |χ , we may define a quantum channel as
The capacity of this channel without entanglement assistance is given by
The capacity χ ′→ U is then given by
Thus we can see that there is a fundamental connection between these two capacities. There is a similar connection for communication from Bob to Alice. We may also show a connection between the Holevo capacities of U and the entanglement assisted capacity of a quantum channel. Let us define a Holevo capacity by 
so
It is clear from the definition of the capacity χ C,→ U that it is less restrictive than χ ′→ U , but it is more restrictive than χ
We can also obtain the result (38) using the standard formula for the entanglement assisted channel capacity. Recall that the channel capacity is given by [27] 
where |ψ is a pure state with ρ as the reduced density operator. Now take |χ to be the state that achieves the supremum in Eq. (7). Let ρ be the maximally mixed state in H AU , and let |ψ be a maximally entangled state between H AU and H Aanc . Then
The entropy S(Φ |χ ⊗ I(|ψ ψ|)) is the entropy of the subsystem H AU after applying U , and can not exceed log d AU . Thus we find that, for this choice of |χ ,
. Because we also have Eq. (46), this implies that E Ψ,→ U ≤ χ → U . This method of proof is closely related to the more explicit scheme given in the preceding section. The proof of the capacity formula (47) yields an ensemble equivalent to what we have given above. We may also use the same reasoning for communication from Bob to Alice, to obtain the inequality E
With these results, we have the set of inequalities between the entangling and Holevo capacities summarised in Table I . The inequality ∆E U ≤ ∆χ * U was shown in Refs. [17, 18] , and the inequality E U ≤ χ * U was shown conditionally upon numerical results in Ref. [19] . The two-qudit inequalities that we have proven here are weaker than those for the two-qubit case, and it is natural to ask if the two-qubit inequalities may be extended to the two-qudit case. Ref. [19] showed that the inequalities may be extended to the two-qudit case for controlled unitaries. Here we present a different approach to generalising these inequalities.
A. Alternative ensembles
The ensembles given in the previous sections do not generalise to initial states that are not maximally entangled. This is because we rely on a unitary operation on one part of the entangled state being equivalent to a unitary on the other half of the entangled state. We therefore present an alternative method of producing ensembles that is more complicated, but is more easily generalised.
As in Sec. III B we use the state |Ψ A |χ B that achieves the supremum in Eq. (7). We take V Aanc j to be local unitaries acting upon H Aanc that transform |Ψ A to the d 2 AU mutually orthogonal maximally entangled states. Now consider the ensemble Using the notation |ω AB = U |Ψ A |χ B , the entropy of the average state for H B ⊗ H B2 after applying U is 
2-qubit 2-qudit
Because the entropy of the individual states can not exceed 2 log d AU , the Holevo information must be at least E Ψ,→ U . This again gives the inequality E Ψ, * U ≤ χ * U . As in Sec. III B, we can not ensure that the entropy of the individual states is exactly 2 log d AU , so we can not show that ∆E Ψ, * U ≤ ∆χ * U . However, it is straightforward to show the other inequalities shown in Sec. III B using this alternative approach.
The advantage of this approach is that we may use it for states that are not maximally entangled with the ancilla. Let |φ A |χ B be the initial state such that the maximal entanglement E U is obtained under U . Now let {V
It is easily shown that (taking
We also require unitaries V 
If there exists such a set of unitaries, we may construct the ensemble
(55) As before, because the states V A j |φ A are orthogonal, the states in the ensemble may be obtained by local unitaries in H A . The entropy of the average state for H B ⊗ H B2 after applying U is then
where |ω = U |φ A |χ B . Thus we find that, provided there exists a set of unitaries satisfying conditions (53) and (54),
It is trivially seen that there is an equivalent set of conditions for E U ≤ χ ← U , simply by reversing the roles of Alice and Bob.
There are a number of cases where conditions (53) and (54) may be satisfied. The first is where |φ is a maximally entangled state, as above. Then we simply take V 
where the λ i are real, λ 2 0 + λ 2 1 = 1, and ψ 0 |ψ 1 is real. It is not possible to give an arbitrary two-qubit state |φ A in this form, as the inner product may have an imaginary component. We assume that the two-qubit unitary has been simplified to the canonical form [9] 
In this case we define local unitaries V a and V b such that
where the superscript ⊥ indicates perpendicular states. We then take
for j, k ∈ {0, 1}, and V . It is easily seen that the conditions (53) and (54) are satisfied (where we have replaced the single index "j" with "j, k").
Thus we find that, provided it is possible to give |φ A in the form (58) in the two-qubit case, then E U ≤ χ → U . In the case that ψ 0 |ψ 1 is not real, then we have the problem that V a is not unitary, so the derivation does not apply. Numerically it is found that it is always possible to give |φ A in the form (58). This gives an alternative proof of E U ≤ χ → U to that in Ref. [19] , though it still depends on numerical results.
We may also generalise the proof of ∆E U ≤ ∆χ * U for two-qubits from [17, 18] . Let V AU j be a set of d 2 BU unitary operators on H AU such that
We also require unitaries
For any ǫ > 0, we may select an initial state |ψ such that U † decreases the entanglement by ∆E U − ǫ. For the ensemble
the increase in the Holevo information under U is
Hence, provided we have a set of unitaries satisfying the restrictions (62) and (63), ∆E U − ǫ ≤ ∆χ ← U † . As this is true for all ǫ > 0, we obtain ∆E U ≤ ∆χ
Thus we find that, provided there exists a set of unitaries V 
This proof is a generalisation of that for two qubits in Refs. [17, 18] , where V C. Implications of Refs. [20, 21] Although there are cases of two-qudit unitaries U for which one can find unitaries satisfying (53) and (54) or (62) and (63), it can not be possible to find such unitaries for all U . This follows from the results of Ref. [21] which shows that there are examples of unitaries that violate the inequalities (57) and (66).
Ref. [21] gives the example of a series of unitaries, [16] , this unitary gives an example of a violation of the inequality (66) (with subsystems H A and H B reversed). These unitaries also satisfy E Vm = m; because χ ← Vm ≤ ∆χ ← Vm , these unitaries also satisfy χ ← Vm < E Vm . Thus, the inequality (57) can also be violated for two-qudit unitaries.
Part of the significance of the results in Ref. [21] is that there is an exponential separation between the entanglement capacity and communication (or Holevo) capacity. This demonstrates that the close numerical relationship observed for two-qubit operations [19] does not hold in higher dimensions. However, for the new entanglement capacities that have been defined here, exponential separations are not obtained in many cases. For U equal to the operation V m of Ref. [21] , it is easily seen that E
there is no exponential separation between E In each case, the entangling capacity is polynomial in log m, whereas the Holevo capacity is m. We also have exponential separation between ∆E Ψ,← U and ∆χ ← U provided we allow expanded dimensions for H AU and H BU (so ∆E Ψ,← U = ∆E U ). If we do not allow expanded dimensions, we don't have sufficient information to determine if there is exponential separation.
Another interesting aspect of these results is that there is exponential separation between E Ψ U and E U . In fact, numerical calculations indicate that E Ψ U does not exceed 2 for these states (see Fig. 2) , whereas E U = m. Recall that the state U |Ψ A |Ψ B in the definition of E Ψ U may be used to implement the unitary U given the correct results for local Bell measurements. If this method for implementing U is applied to the correct initial state, then entanglement of m will be obtained, despite the entangled resource state having low entanglement.
We may also use the results of Ref. [20] to deduce results for bipartite unitaries with maximum entanglement capability. From Ref. [20] given above, we also have χ 
VI. CONCLUSIONS
In the case of two-qubit unitaries, it is known that the inequalities between entanglement capacity and Holevo capacity ∆E U ≤ ∆χ * U and E U ≤ χ * U hold [17] [18] [19] . The methods used to prove these inequalities use results that are specific to the case of qubits, and can not be generalised to the case of qudits (except for restricted classes of unitaries). In addition, Ref. [21] shows that these inequalities can be violated for two-qudit unitaries.
Here we have shown that if alternative definitions of the entangling capacities based on the Jamio lkowski isomorphism [22] are used, then we can obtain analogous inequalities for all two-qudit unitaries. In addition, we have shown that there is a close connection between these inequalities and the theory of entanglement assisted chan-
